In this paper, we consider the relations between Bernoulli polynomials, Legendre polynomials and combinatoric convolution sums of divisor functions. In addition, we give examples of approximate normal distribution derived from combinatoric convolution sums of divisor functions.
Introduction
Throughout this paper, N and R will denote the sets of positive integers and the field of real numbers, respectively. Let {P n (x)} be the Legendre polynomials given by
It is well known that (see [4, (3.132 )-(3.133)], [10, pp.228-232] )
n and (n + 1)P n+1 (x) = (2n + 1)xP n (x) − nP n−1 (x), where [x] is the greatest integer not exceeding x, and satisfy the following relation of orthogonality 1 −1 P n (x)P m (x)dx = 2 2n + 1 δ mn , or equivalently, 1 0 P n (2x − 1)P m (2x − 1)dx = 1 2n + 1 δ mn ( [15] ) , where δ mn = 0, m n 1, m = n is the "Kronecker delta". It should be mentioned that Bernoulli or Legendre identities associated with the generalization of Bernoulli polynomials, Luo-Srivastava generalizations of Apostol-Bernoulli polynomials have been studied by Srivastava [5] and Luo [9] .
Computing Bernoulli numbers, Euler numbers, Genocchi numbers and their applications have been studied by Qi [12] and Srivastava [6] . A few more related references are [3] , [7] , [8] , [9] , [12] .
The binomial distribution is the basis for the popular binomial test of statistical significance. The binomial distribution is frequently used to model the number of successes in a sample of size n drawn with replacement from a population of size N. In this article, we introduce a generalized binomial distribution derived from combinatoric convolution sum of divisor functions. This paper consists of 5 sections. In section 2, we reconstruct relations of Legendre polynomials and Bernoulli polynomials. In section 3, we drive the convolution sums of Bernoulli polynomials and express Legendre polynomials by convolution sums of divisor functions. In section 4, we can see an applied model of combinatoric convolution sums. And in section 5, we suggest more examples of example 2.6.
Preliminaries
Proposition 2.1. ([14, Lemma 2.1]) For n ∈ N, we have
We can easily prove that Legendre polynomials and Bernoulli polynomials have the following properties.
where n ∈ R.
Lemma 2.3. Let n ∈ N ∪ {0} and p be a prime. Then we have
with n k=0 a 2k+1 = 0.
Proof. Consider the Bernoulli polynomials and Legendre Polynomials. Then we obtain
In (1), let x = p+1 2 . Then
And if n = 1, then
where
So, by (4) and (5), we get
and
There exist γ 1 and γ 3 , such that
Since, by continuous calculation of B 2n+1 p+1 2 , we easily see that can be represented by P 2k+1 (p). So, all of coefficients of P i (p) are a i , respectively, then
And, by (2) and (3), we get P n (1) = 1 and B 2n+1 (1) = 0. So, if p = 1, then the left side calculation is 0 and the right side calculation is n k=0 a 2k+1 . Therefore, we see that n k=0 a 2k+1 = 0, i.e, the sum of the coefficients of (7) are zero.
By (1), we drive that
. . .
, and
Then we know that P n = A n B n .
with P n = dP n dp .
So, we can obtain the following lemma.
Proof. Then A n is a lower triangular matrix. So by definition of determinant of triangular matrix,
Theorem 2.5. Let a i,i , i ≥ 1 be the diagonal elements and let b i, j , i, j ≥ 1 of (8). Then,
Proof. A n is triangular matrix. Then, we easily check that the diagonal elements of A −1 n are the inverse of the corresponding diagonal elements of A n .
And by [13] , we can easily prove that 
In appendix, we suggest more examples (n = 4, 5, 6, 7, 8).
Remark 2.7. It is also interesting to note that the binomial identities involving harmonic numbers and their applications have been studied by W. Chu [3] . 
In particular, if n is an odd integer, then
If n = 2 α , then
Lemma 3.2. Let p be an odd prime integer and x = p+1 2 . Then
Proof. By Proposition 3.1, in particular, n is an odd prime. Then 
And, by Proposition 2.2,
So,
In particular, n is an odd prime and x = p+1 2 . Then
Equating (10) and (11),
Hence we obtain our result. 
Application of Combinatoric Convolution Sums
If the random variable X follows the binomial distribution with parameters n and p, we write X ∼ B(n, p). The probability of getting exactly k successes in n trials is given by the probability mass function:
The formula can be understood as follows: we want k successes (p k ) and n−k failures (1−p) n−k . However, the k successes can occur anywhere among the n trials, and there are n k different ways of distributing k successes in a sequence of n trials.
In this section, we suggest a new type binomial distribution derived from combinatoric convolution sum of divisor functions. Let .
Consider the values of DB(n, k, t). Out of the result from k = 30, n = 2 ∼ 25, we can see that the values of DB(n, k, t) approximate normal distribution. When the form is s = 14, s = 15, the maximum value appears 0.198538 and shows the result of bilateral symmetry. Forms of bilateral symmetry are almost same, but in case that they are much distant from the maximum, the result will be slightly different. So we have 6 different shapes of forms that are similar to normal distribution (They are almost same, in fact.). Considering the differences of each point among the 6 cases, the result is as follows when ND1 is the criteria. In particular, if n = 2 α or n = p, then the formula DB(n, k, t) is very simple.
We use the following notations: Table 2 . The values of ND4, ND5 and ND6. 
Appendix
Using (8), Lemma 2.4 and Theorem 2.5, we suggest more examples(n = 4, 5, 6, 7, 8) . 
